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REALIZATIONS AND PROPERTIES
OF 3-SPHERICAL CURTIS-TITS
GROUPS AND PHAN GROUPS
RIEUWERT J. BLOK AND CORNELIU G. HOFFMAN
Abstract. In this note we establish the existence of all Curtis-
Tits groups and Phan groups with 3-spherical diagram as clas-
sified in [2] and investigate some of their geometric and group
theoretic properties. Whereas it is known that orientable Curtis-
Tits groups with spherical or non-spherical and non-affine diagram
are almost simple, we show that non-orientable Curtis-Tits groups
are acylindrically hyperbolic and therefore have infinitely many
infinite-index normal subgroups. However, we also provide con-
crete examples of non-orientable Curtis-Tits groups whose quo-
tients are finite simple groups of Lie type.
Keywords: Curtis-Tits groups, Phan groups, groups of Kac-Moody
type, lattices, abstract simplicity. MSC [:2010] 20G35 51E24
1. Introduction
In [2] Curtis-Tits amalgams and Phan amalgams over a finite field
Fq with 3-spherical diagram Γ and weak system of fundamental root
groups (Curtis-Tits case) or property (D) (Phan case) were completely
classified, generalizing the result from [5] which covered the case of
Curtis-Tits amalgams over a field of order ≥ 4 with simply-laced 3-
spherical diagram satisfying property (D). In the present paper we shall
generalize the results from [3] showing that not only all Curtis-Tits
amalgams but also all Phan amalgams classified in [2] have non-trivial
completions. More precisely, using the notation of Definition 2.3 we
have the following.
Theorem A. Every Curtis-Tits amalgam of the form G (δ) has a non-
trivial completion. In particular, an arbitrary Curtis-Tits amalgam
over Fq with 3-spherical diagram having no C2(2)-subdiagrams has a
non-trivial completion if and only if it possesses a weak system of fun-
damental root groups.
Proof The first claim is the content of Theorems 3.1 and 4.4. We now
recall that it was shown in [2] that an arbitrary Curtis-Tits amalgam
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over Fq with 3-spherical diagram possessing some non-trivial comple-
tion does have a weak system of fundamental root groups and is iso-
morphic to G (δ) for some δ, so the second claim follows from the first.

Remark 1.1. Note that Curtis-Tits amalgams as defined here are all
universal in the sense that the groups appearing in them are universal
groups of Lie type. In [3] we also derive existence criteria for Curtis-
Tits type amalgams with 3-spherical simply-laced diagrams that are
not universal. We expect that an analogous treatment of general 3-
spherical Curtis-Tits amalgams will yield a similar result, but we shall
not work out the details here.
Theorem B. Every Phan amalgam of the form G (δ) has a non-trivial
completion. In particular, an arbitrary Phan amalgam over Fq with 3-
spherical diagram has a non-trivial completion if and only if it satisfies
property (D).
Proof The first claim is the content of Part 2. in Lemma 5.7. We now
recall that it was shown in [2] that an arbitrary Phan amalgam over Fq
with 3-spherical diagram possessing some non-trivial completion must
satisfy property (D) and is isomorphic to G (δ) for some δ, so the second
claim follows from the first. 
As before, the Curtis-Tits amalgams fall into two categories: Ori-
entable Curtis-Tits groups are essentially groups of Kac-Moody type
(Theorem 3.1). Non-orientable Curtis-Tits groups can be obtained
as (central extensions of) subgroups of groups of Kac-Moody type
fixed under an involution that interchanges positive and negative roots
groups and permutes types non-trivially (Theorem 4.4). Note that the
latter involutions are not Phan involutions. Completions of Phan amal-
gams are obtained as subgroups of groups of Kac-Moody type fixed un-
der a Phan involution (which does fix the types) (Lemmas 5.6 and 5.7).
We show (Proposition 6.6) that the completions of non-orientable Curtis-
Tits groups are lattices in the ambient group of Kac-Moody type, thus
generalizing a result from [14].
Now suppose Γ is non-spherical and non-affine and that k is finite.
By [12], the corresponding orientable Curtis-Tits groups are almost
simple (Corollary 7.1). Note that the diagram of a non-orientable
Curtis-Tits groups is either A˜n−1 or it is non-spherical and non-affine.
In the present note we use a result from [10] to show that non-orientable
Curtis-Tits groups over finite fields with 3-spherical diagram different
from A˜n−1 are acylindrically hyperbolic and in particular are not ab-
stractly simple (Theorem 7.2).
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In the case where Γ has type A˜n−1 both orientable and non-orientable
Curtis-Tits groups have interesting quotients [4]. In Subsection 7.1 we
also exhibit finite quotients of non-orientable Curtis-Tits groups with
non-spherical and non-affine diagram.
Throughout the paper it is our intention to be as concrete and ex-
plicit as we can be.
2. Curtis-Tits and Phan amalgams
2.1. Amalgams of Curtis-Tits and Phan type
Definition 2.1. Let Γ = (I, E) be a Lie diagram. A Curtis-Tits
(resp. Phan) amalgam with Lie diagram Γ over Fq is a collection G =
{Gi,Gi,j, gi,j | i, j ∈ I} such that for every i, j ∈ I, gi,j : Gi → Gi,j
is a homomorphism of groups and, setting Gi = gi,j(Gi), the triple
(Gi,j,Gi,Gj) is a Curtis-Tits / Phan standard pair of type Γi,j(q
e),
for some e ≥ 1 as defined in [2]. Moreover e = 1 is realized for some
i, j ∈ I. For any subset K ⊆ I , we let
GK = {Gi,Gi,j, gi,j | i, j ∈ K}.
A completion of G is a group G together with a collection γ• =
{γi, γi,j : i, j ∈ I} of homomorphisms γi : Gi → G, and γi,j : Gi,j → G,
whose images - often denoted Gi = γi(Gi) - generate G, such that for
any i, j ∈ I, γi,j ◦ gi,j = γi. The amalgam G is non-collapsing if it has
a non-trivial completion. As a convention, for any subgroup H ≤ GJ ,
let H = γ(H) ≤ G.
A completion (G˜, γ˜•) is called universal if for any completion (G, γ•)
there is a unique surjective group homomorphism π : G˜→ G such that
γ• = π ◦ γ˜•. A universal completion always exists and is unique, but it
may be trivial.
Definition 2.2. Let Γ = (I, E) be a Lie diagram. The standard Curtis-
Tits (resp. Phan) amalgam with Lie diagram Γ over Fq is the Curtis-
Tits (resp. Phan) amalgam G = {Gi,Gi,j, gi,j | i, j ∈ I} in which gi,j
is the standard identification map as defined in [2] for all i, j ∈ I.
We now describe all Curtis-Tits and Phan amalgams arising from the
classification results of [2]. To this end, first consider certain groups Ci
of automorphisms of the vertex groups SL2(q) (Curtis-Tits case) and
SU2(q) (Phan case). These are certain subgroups of the vertex groups
of the Coefficient system A of [2].
Ci Curtis-Tits case. For any i ∈ I, there is some e ∈ N such that Gi =
SL2(q
e) via the standard identification maps and Ci = Aut(Fqe)× 〈τ〉
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(with τ of order 2). Here α ∈ Aut(Fqe) acts as a Frobenius automor-
phism and τ acts as transpose-inverse.
Ci Phan case. For any i ∈ I, we have Gi = SU2(q) via the standard
identification maps and Ci = Aut(Fq2). Here α ∈ Aut(Fq2) acts as a
Frobenius automorphism with respect to an orthonormal basis for the
hermitian form. Note that τ (transpose-inverse) acts as σ : x 7→ xq
(x ∈ Fq2) on SU2(q).
The spanning tree for Γ. As customary we view the Dynkin diagram
Γ as an oriented edge-labeled graph. Let Γ denote the underlying
undirected simple graph. We now fix a spanning tree T = (I, E(T ))
for Γ and let EΓ − ET = {{is, js} : s = 1, 2, . . . , r} together with
certain integers {es : s = 1, 2, . . . , r}. In the Phan case, any spanning
tree suffices and es = 1 for all s. In the Curtis-Tits case select T such
that (see [2]):
(1) (G{is,js}, gis,js(Gis), gis,js(Gjs)) has type A2(q
es), where es is
some power of 2.
(2) There is a loop Λs containing {is, js} such that any vertex group
of Λs is isomorphic to SL2(q
es2l) for some l ≥ 0.
Definition 2.3. The main results of [2] now says that the Curtis-
Tits (resp. Phan) amalgams over Fq with diagram Γ are, up to type
preserving isomorphism, in bijection with the set
C =
r∏
s=1
Cis .
Under this bijection, the sequence δ = (δs)
r
s=1 corresponds to the amal-
gam
G (δ) = {Gi,Gi,j, gδi,j | i, j ∈ I}(2.1)
where gδi,j = gi,j for all i, j ∈ I except that gδis,js = gis,js ◦ δs for all
s = 1, 2, . . . , r. We shall call G (δ) the amalgam representing δ.
We finish this discussion with some terminology applying only to
Curtis-Tits amalgams. We say that G (δ) is orientable if δs ∈ Aut(Fesq )
for all s = 1, . . . , r (that is, δ does not involve any τ) and non-orientable
otherwise. Note that we can interpret δ as the image of a homomor-
phism
ω : π1(Γ, 0)→ C
[Λs] 7→ δs
where 0 is some base vertex of Γ and [Λs] denotes the homotopy class
of the loop Λs above. Consider the composition of ω and the natural
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projection map:
ω∗ : π1(Γ, 0)→ 〈τ〉 ∼= Z/2Z(2.2)
Then G is orientable if and only if the image of the corresponding ω∗
is trivial.
From now on G = G (δ) = {Gi,Gi,j, gi,j | i, j ∈ I} for some δ. We shall
only consider Curtis-Tits amalgams G over a finite field Fq possessing
a weak system of fundamental root groups with 3-spherical (but not
spherical) diagram having no subdiagrams of type C2(2). The latter
condition was not necessary for classification, but it is necessary when
considering completions, as it is necessary to satisfy condition (co)
of [16].
3. Orientable Curtis-Tits groups are groups of Kac-
Moody type
3.1. Realization of Orientable Curtis-Tits amalgams
Realization of all Curtis-Tits amalgams arising from the classification
can be achieved along the lines of [3, 5], where they were obtained
for Curtis-Tits amalgams over a finite field Fq with q ≥ 4 satisfying
property (D) and having 3-spherical simply-laced diagram. The present
situation only requires us to modify the proof in certain places, and we
will content ourselves with pointing out these differences.
We start by assuming that L = {Li,Li,j , li,j : i ∈ I} is an orientable
Curtis-Tits amalgam over Fq with 3-spherical diagram Λ without C2(2)-
subdiagrams.. Following Tits [21] a group of Kac-Moody type is by def-
inition a group with RGD such that a central quotient is the subgroup
of Aut(∆) generated by the root groups of an apartment in a Moufang
twin-building ∆. This central quotient will be called the associated
adjoint group of Kac-Moody type. In this section we shall prove the
following. As a general reference for groups with root group datum we
will use [11]. In particular, we assume that such a groups is generated
by the root groups of the root group datum.
Theorem 3.1. The universal completion of L is a group of Kac-
Moody type (and L is the Curtis-Tits amalgam for this group) if and
only if L is orientable.
Theorem 3.1 generalizes Corollary 1.2 of [5] and its proof follows
the steps detailed in Section 5 of [5]. So as not to repeat that proof
nearly verbatim, we merely indicate how the more general assumptions
of Theorem 3.1 still yield the same result.
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Proof (of Theorem 3.1) Following Subsection 5.1 of [5] we consider a
simply-connected locally split Kac-Moody group over Fq with diagram
Λ and consider the twin-building ∆ = ((∆+, δ+), (∆−, δ−), δ∗) associ-
ated to its twin BN-pair (B+, N,B−). Now as Λ is 3-spherical and
has no C2(2) subdiagrams, it satisfies condition (co) of [17] so the local
structure determines the global structure. For the same reason Λ sat-
isfies condition (co∗) from [8] so that by the main result of that paper,
we obtain the group as a central quotient of the universal completion
of an amalgam
R = {Ri, Ri,j, ρi,j | i, j ∈ I},
where Ri = 〈X+i , X−i 〉, Ri,j = 〈Ri, Rj〉, and {X+i | i ∈ I} is a selection
of positive root groups corresponding to a fundamental system of pos-
itive roots, and ρi,j : Ri →֒ Ri,j is given by inclusion of subgroups in
G. Now R is the desired Curtis-Tits amalgam. Note that the analog
of Lemma 5.2 is not valid as for instance the center of Sp4(q) meets
one of the rank 1 Levi groups, but this does not affect the validity of
the conclusion. Note that X = {X+i , X−i : i ∈ I} is the weak system of
fundamental root groups and the fact that we can select the + signs to
correspond to a fundamental system of positive roots means that the
amalgam is orientable.
We now show that the universal completion of any orientable L has
a central quotient that is the automorphism group of a twin-building
following Subsection 5.3 of [5]. We now take the definition of a sound
Moufang foundation as in [16]. As L is orientable, we obtain the
rank-2 Moufang buildings ∆i,j of type Λi,j of the foundation F from the
Curtis-Tits standard pairs (Li,j,Li,Lj) in L using the Borel subgroups
{B+i,j,B−i,j}, which are uniquely determined by {X±i ,X±j } ⊆ X . We now
select the chamber Ci,j ∈ ∆i,j of the foundation to be those associated
to B+i,j. Also for each i ∈ I we select an auxiliary chamber Ci in the
rank-1 building ∆i associated to the BN pair (B
+
i , Ni,B
−
i ). We define
an inclusion map θji : ∆i → ∆i,j induced by li,j and let the restriction
maps of F be given by θj,ki,j = θ
k
j ◦ (θij)−1. It is immediate that the
θj,ki,j satisfy the condition (Fo3) of a Moufang foundation. Soundness
of F follows from the fact that Λ is 3-spherical and the fact that the
subamalgam of L of type ΛJ is the Curtis-Tits amalgam associated
to the corresponding spherical building. The fact that the signature
of X determines a twin-apartment is proved as in [5]. The proof is
completed exactly as in [5]: By [16], the sound Moufang foundation can
be integrated to a twin-building ∆ whose automorphism group contains
a non-trivial homomorphic image of the original Curtis-Tits amalgam,
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generated by the root groups associated to the roots intersecting the
E2(c) for some chamber c. Universality gives a homomorphism from
the universal completion L˜ of L to the subgroup Aut(∆)† of Aut(∆)
generated by these root groups; the kernel of the action of L˜ on ∆ must
be central, as required. 
Remark 3.2. In [3, 4] we obtained rather precise information on the
particular central subgroups appearing in the kernel of the map from
the universal completion of L to Aut(∆). For the purposes of the
present paper, it suffices to establish the existence of a completion for
L . However, we expect that the techniques developed in [3, 4] can
be used to handle this more general case, although the details will
probably a bit more involved.
In subsequent sections we shall prove that non-orientable Curtis-Tits
(resp. Phan) amalgams have non-trivial completions inside the sub-
group of an orientable Curtis-Tits group fixed under a certain Cartan
(resp. Phan) involution.
3.2. The twin-building ∆ associated to L˜
Let (L˜, λ˜) be the universal completion of L . For future reference,
we introduce the notation necessary to talk about the twin-building
related to L˜. Note that L˜ is a group of Kac-Moody type over Fq with
diagram Λ. Let (W,S = {si : i ∈ I}) the associated Coxeter system
with root system Φ. Now L˜ is a group with a locally finite root group
datum {Uα : α ∈ Φ} (namely Uα is finite for all α ∈ Φ (see [12, 8]).
This means in particular that L˜ = 〈Uα : α ∈ Π〉 (for a root base Π of
Φ) has a twin BN -pair ((B+, N), (B−, N)), where Bε = DUε, setting
Uε = 〈Uα : α ∈ Φε〉 (ε = +,−)
N = 〈µ(u) : u ∈ Uα − {1}, α ∈ Π〉,
D =
⋂
α∈Φ
NL˜(Uα).
In fact this is the twin BN-pair giving rise to a twin-building ((∆+, δ+),
(∆−, δ−), δ∗). As proved in [2] the weak system of fundamental root
groups can be selected so that for some fundamental system Π =
{αi : i ∈ I} of Φ, and all i ∈ I, we have Uαi = λ(X+i ).
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4. Non-orientable Curtis-Tits groups are fixed groups
of Cartan involutions
4.1. The ambient orientable amalgam L
We shall now assume that G = G (δ) = {Gi,Gi,j, gi,j | i, j ∈ I} where
δ = (δs)
r
s=1 ∈
∏r
s=1Cjs is non-orientable. This means that the map ω
∗
of (2.2) is surjective.
Definition 4.1. (The covering of diagrams p : Λ → Γ) Consider the
map ω∗ : π(Γ, 0) → 〈τ〉. Its kernel is the fundamental group of a two-
sheeted covering p : Λ→ Γ sending some vertex 0̂ to 0. Since Γ has no
circuits of length ≤ 3, the quotient π(Γ, 0)/π(Λ, 0̂) = 〈θ〉 ∼= Z/2Z acts
as a group of deck transformations commuting with p; in particular p
does not fix points or edges.
We now lift G to a locally isomorphic amalgam L defined over Λ
and extend θ to L .
Definition 4.2. Let L = {Li,Li,j, λi,j | i, j ∈ I(Λ)} be the amalgam
such that, for all i, j ∈ I(Λ),
(L 1) Li is a copy of Gp(i),
(L 2) Li,j is a copy of
{
Gp(i),p(j) if {i, j} ∈ E(Λ),
Gp(i) ×Gp(j) else.
(L 3) λi,j =
{
ϕp(i),p(j) if {i, j} ∈ E(Λ),
canonical inclusion else.
This means the following. Fix some J ⊆ I(Λ) with 1 ≤ |J | ≤ 2, and
denote by π : L → G the homomorphism of amalgams induced by p.
That is, identifying Gp(J) with its copies LJ and Lθ(J), we let the maps
πJ and πθ(J) be the identity mappings. Then, we have a commuting
diagram of isomorphisms
x ∈ LJ
piJ
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
θ
// Lθ(J) ∋ x
piθ(J)
xxqq
qq
qq
qq
qq
q
x ∈ Gp(J)
(4.1)
Thus, in (4.1), also θ is given by the identity mapping. Then, by (L 3)
θ is an automorphism of L . Also π can be viewed as a 2-covering of
Curtis-Tits amalgams.
Since π induces an isomorphism on every vertex and edge group of
L we have the following. If δs ∈ Aut(Fq2es ), then the p-fiber over
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Λs consists of two disjoint loops, and the subamalgams of L induced
on each of these is isomorphic to the one induced on Λs, hence they
correspond to δs as well. Otherwise the p-fiber over Λs is a single loop
Λ̂s doubly covering Λs and it corresponds to δ
2
s ∈ Aut(Fq2es ). Hence
L is orientable. It follows from the classification theorem that it is
isomorphic to some standard orientable Curtis-Tits amalgam.
4.2. Realization of G in the twisted group of Kac-Moody type
Lθ
Since L is orientable, Theorem 3.1 implies that L has a completion
(L, λ), where L is a group of Kac-Moody type. Hence also the uni-
versal completion (L˜, λ˜) of L is not trivial. For convenience, we shall
replace L by its image in L˜. Note that this image does not have to be
isomorphic to L , but when considering completions, there is no loss of
generality.
By universality, the automorphism θ : L → L induces a Cartan
involution, also denoted θ, on the universal completion L˜.
Definition 4.3. A Cartan involution of a group with twin- BN -pair
((B+, N), (B−, N)) is an automorphism θ satisfying
(1) θ2 = id
(2) (B+)θ = B−,
(3) θ normalizes the Weyl group W = N/B− = N/B− inducing a
graph automorphism of Γ without fixed vertices or edges.
Let L˜θ be the fixed group of L˜ under θ and define the amalgam of fixed
subgroups
L
θ = {lθi,j : 〈Li,Lθ(i)〉θ →֒ 〈Li,j ,Lθ(i),θ(j)〉θ : i, j ∈ I},
where, for each i, j ∈ I, we consider the fixed subgroups
〈Li,Lθ(i)〉θ = {xxθ : x ∈ Li},
〈Li,j,Lθ(i),θ(j)〉θ = {xxθ : x ∈ Li,j}.
There is a non-trivial surjective morphism G → L θ. In [3] this is shown
for the image of L θ in L. However, the proof translates verbatim to
obtain the result in the present more general setting. Hence there is
a non-trivial completion (G, γ) of G with G = 〈L θ〉 ≤ L˜θ. Thus, we
have obtained the following.
Theorem 4.4. Let G be a non-orientable Curtis-Tits amalgam over Fq
with connected 3-spherical Dynkin diagram Γ having no subdiagrams of
type C2(2). Then, there is a group of Kac-Moody type L˜ over Fq whose
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diagram is a two-sheeted covering of Γ equipped with a Cartan involu-
tion θ such that the fixed group L˜θ contains a non-trivial completion of
G .
Remark 4.5. Let (G˜, γ˜) be the universal completion of G . Then, there
is a surjective homomorphism
G˜։ G ≤ L˜θ ≤ L˜.
Let π˜ : L˜ → L be the map of completions of L given by universality.
Now L˜ is a central extension of L. If in fact L = L˜/Z(L˜), then θ induces
an involution of L so that π˜ sends L˜θ to Lθ. In this terminology, [3]
investigates the index [Lθ : π˜(G)] in great detail in the case of simply-
laced diagrams.
5. Realization of Phan amalgams
5.1. Phan involutions
Recall the following definition of a Phan involution for groups with
twin-root group datum.
Definition 5.1. A Phan involution θ of a group L with a twin root
group datum (see Subsection 3.2) is an automorphism of L such that
(i) θ2 = id
(ii) (B+)θ = B−,
(iii) θ centralizes the Weyl group W = N/D.
Now let G = {gi,j : Gi → Gi,j : i, j ∈ I} be a (possibly non-orientable)
Curtis-Tits amalgam over Fq with 3-spherical diagram Γ. Let (G˜, γ˜)
denote its universal completion and let (G, γ) be some completion with
canonical map π˜ : G˜→ G.
Definition 5.2. A Phan involution of G is an automorphism θ =
{θi, θi,j : i, j ∈ I} of G that induces a Phan involution on each group of
G .
From now on let θ = {θi, θij : i, j ∈ I} be a Phan involution of the
Curtis-Tits amalgam G . As a source of examples, we have the following
observation.
Lemma 5.3. Suppose that L is the Curtis-Tits amalgam arising from
the action of a group of Kac-Moody type L on its twin-building ∆ over
Fq with 3-spherical diagram Λ and that λ : L → L is the completion
map. If θ is a Phan involution of L preserving L , then it induces a
Phan involution on L . Conversely, a Phan involution θ of L induces
a Phan involution on L˜.
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Proof First note that any automorphism of L induces a unique au-
tomorphism of its universal completion (L˜, λ˜) that preserves L . Con-
versely, any automorphism of L which preserves L , induces an au-
tomorphism of L . In both cases, if the original automorphism is an
involution, then so is the induced one. Let θ denote the automorphism
of L as well as the induced automorphism of L in the forward direction,
and of L˜ in the backward direction.
As we saw in Subsection 3.2 not only L, but also L˜ is a group with
root group datum. So as not to overload notation, in both cases (di-
rections) we shall denote the datum {Uα : α ∈ Φ}.
Note that when proving either direction, we can view L as a con-
crete amalgam for L (resp. L˜) in the sense that for any i, j ∈ I, the
connecting map li,j (resp. l˜i,j) is just inclusion of subgroups (In the
backward direction, for purposes of completions, it is harmless to iden-
tify L with its image in L˜). In the terminology of [2, Section 4] this
means that if X = {X+i ,X−i : i ∈ I} is the weak system of funda-
mental root groups of L , then for any j ∈ I, we have Xεi = li,j(Xεi )
(resp. Xεi = l˜i,j(X
ε
i )) (ε = +,−). By uniqueness of fundamental root
groups in Li,j whenever Λi,j 6= A1 × A1 and connectedness of Λ, we
then have X = {Uαi , U−αi : i ∈ I}. The significance here is that
Π = {αi : i ∈ I} is a root basis for Φ, so that
WΠ = Φ.(5.1)
Since in the forward (resp. backward) direction the automorphism θ of
L (resp. of L˜) preserves each group of L , it follows that θ acts as
Uθα = U−α for all α ∈ Π(5.2)
We now complete the proof of the forward direction. Combining
property (iii) of the Phan involution θ on L, with (5.1), (5.2) and
applying the RGD axioms, we see that θ preserves the root group
datum, while interchanging {Uβ : β ∈ Φ+J } and {Uβ : β ∈ Φ−J } for any
J ⊆ I; in particular, θ preserves NJ and D, and centralizes WJ =
NJ/D. Hence, θi and θi,j satisfy properties (ii) and (iii) for each i, j ∈ I.
We now establish the backward direction in a similar manner us-
ing (5.1) and (5.2). Thus, in order to establish that the automorphism θ
of L˜ has property (ii) it suffices to show that it has property (iii). Recall
that N is generated by elements µ(ui), for some ui ∈ Uαi with αi ∈ Π.
Let (W, {si : i ∈ I}) denote the Coxeter system where si = µ(ui)D.
Now note that (L˜i, {Uαi, U−αi}) is a group with root group datum since
L˜i = 〈Uαi , U−αi〉L˜ (cf. [11, §2.3]). Since θi satisfies property (iii), the
element µ(ui)
θi ∈ Uαiu′iUαi (with u′i ∈ U−αi) must conjugate Uβ to Usiβ
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for all β ∈ Φ; in particular it must do so for β = ±αi. However, in this
standard root group datum of SL2(k) for some field k, one verifies that
this means that µ(ui)
θi = µ(u′i). Clearly µ(ui)D = si = µ(u
′
i)D. Thus
θ centralizes W , as required. 
5.2. Fixed subamalgams
Definition 5.4. Let θ be a Phan involution of the Curtis-Tits amalgam
G . Define the fixed amalgam of G under θ as F = {Fi,j ,Fi, fi,j : i, j ∈
I}, where
Fi = G
θi
i ,
Fi,j = G
θi,j
i,j ,
fi,j = gi,j|Fi.
We may therefore unambiguously write F = G θ, FJ = G
θ
J (J ⊆ I with
0 < |J | ≤ 2) and denote the inclusion maps simply with gi,j instead of
fi,j.
Remark 5.5. The case where θ induces τ on all groups of G = G is
the one studied in [10]. For An diagrams the situation is studied in
detail in [15]. In the present paper we are mostly interested in the case
where θ induces τ together with some field involution.
We now establish the relation between G and F in terms of the rep-
resentative amalgams of Definition 2.3. Let G be the standard Curtis-
Tits amalgam over Fq2 with connected 3-spherical diagram Γ (as in
Definition 2.2), and assume that that for any i, j ∈ I, Γi,j ∈ {A1 ×
A1, A2, C2/B2}. Note that since Γ has no subdiagrams of type 2A3, in
fact we have that, for any i, j ∈ I (Gi,j,Gi,Gj) is a Curtis-Tits stan-
dard pair of type Γi,j(q
2) ∈ {A1(q2)× A1(q2), A2(q2), C2(q2)/B2(q2)}.
Fix some spanning tree Σ ⊆ Γ and suppose that EΓ − EΣ =
{{is, js} : s = 1, 2, . . . , r} so that H1(Λ,Z) ∼= Zr. Let G = G (δ) for
some δ ∈∏rs=1Cis .
Note that Cis = Aut(Fq2)× 〈τ〉 for all s. We let θ = σ ◦ τ , where we
recall that σ : x 7→ xq for x ∈ Fq2 .
Lemma 5.6. The fixed amalgam F of G under θ is a Phan amalgam
over Fq with diagram Γ.
Proof We simply have to verify that if (Gi,j,Gi,Gj) is a Curtis-Tits
standard pair of type Γi,j(q
2) ∈ {A1(q2)×A1(q2), A2(q2), C2(q2)/B2(q2)},
then (F
θij
i,j ,F
θi
i ,F
θj
j ) is a Phan standard pair of type Γi,j(q) ∈ {A1(q)×
A1(q), A2(q), C2(q)/B2(q)}. Now note that θ is defined with respect to
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the standard basis used to define the Curtis-Tits standard pair. Thus,
the fixed group under θ is the intersection of the group in the Curtis-
Tits standard pair and the unitary group preserving the hermitian form
for which this standard basis is orthonormal. In every case this is ex-
actly the corresponding vertex or edge group of the Phan standard pair
with the same diagram as the Curtis-Tits standard pair. 
Let F be the standard Phan amalgam with diagram Γ over Fq. Let
F be the fixed amalgam of G under θ. By Lemma 5.6 F is a Phan
amalgam. By the classification this means that F = F (δ) for some δ.
We now identify δ given δ.
Lemma 5.7. (1) Suppose G = G (δ) and F = F (δ) Then, δ is the
image of δ = (δs)
r
s=1 under the map
r∏
s=1
Cis →
r∏
s=1
Cis/〈θis〉.(5.3)
(2) As a consequence, every Phan amalgam F appears as the fixed
amalgam in 2r pairwise non-isomorphic Curtis-Tits amalgams
G .
Proof Note that in the case of Curtis-Tits as well as Phan standard
pairs, the standard identification maps, i.e. the connecting maps for G
and F are ”identity maps”. It follows that
G
θ = F .(5.4)
To conclude 1. from (5.4) it suffices to note that if F (δ) is the fixed
amalgam of G (δ), then
g
is,js
|Gθis ◦ δis = f is,js ◦ δis = fis,js = gis,js|Gθis = gis,js|Gθis ◦ δis|Gθis ,
and by restricting to Gθis , we pass from Cis = Aut(Fq2) × 〈τ〉 to
Cis/〈θ〉 = Aut(Fq2) by identifying τ = σ.
Part 2. follows from the classification of Curtis-Tits and Phan amal-
gams combined with the observation that the map (5.3) has a kernel
of order 2r. 
5.3. Completions of Phan amalgams
Note that, if (G˜, γ˜) is non-trivial, then so is the image of F in G˜ under
γ˜. In particular, F also has a non-trivial completion contained in the
fixed group G˜θ. This proves the following:
Proposition 5.8. Let F be a Phan amalgam over Fq with connected
3-spherical Dynkin diagram Γ having no subdiagrams of type C2(2).
Then, there is a Curtis-Tits amalgam G over Fq2 with diagram Γ whose
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universal completion (G˜, γ˜) equipped with a Phan involution θ such that
its fixed group G˜θ contains a non-trivial completion (F, φ) of F .
Corollary 5.9. Let F be a Phan amalgam over Fq with connected
3-spherical Dynkin diagram Γ having no subdiagrams of type C2(2).
Then, there is a group of Kac-Moody type L˜ over Fq2 with diagram Γ
equipped with a Phan involution θ such that the fixed group L˜θ contains
a non-trivial completion (F, φ) of F .
We note that the completion (F, φ) in Proposition 5.8 and Corol-
lary 5.9 can be a proper subgroup of G˜θ and the completion does not
have to be universal.
6. Non-orientable Curtis-Tits groups are lattices
6.1. Cartan involutions of the twin-building ∆
We continue the notation from Section 4. Note that the properties of
a Cartan involution can be reformulated in terms of the action on the
building, as follows.
Lemma 6.1. Let θ be a Cartan involution as in Definition 4.3. Then
θ induces an automorphism, also denoted θ, on ∆ with the following
properties
(1) θ2 = id,
(2) θ(∆+) = ∆− and, letting cε be the chamber corresponding to Bε
(ε = +,−), we have c− = cθ+ and c− opp c+,
(3) θ preserves the twin-apartment Σ(c+, c−) = (Σ+(c+, c−),Σ−(c−, c+))
and permutes the types in each fiber of p : Λ→ Γ.
6.2. The Coxeter groups W and W θ
Here we recall some definitions and results from [4] and indicate how
one can prove these in the current more general setting of 3-spherical
diagrams, which are not necessarily simply-laced.
Let (W, {sj : j ∈ I(Λ)}) be the Coxeter system of type Λ with W =
N/D and sj = µ(u)D for u ∈ Uαj . Let
δθ(W ) = {w ∈ W | ∃d+ ∈ ∆+ : w = δ∗(d+, dθ+)}.
Let
Invθ(W ) = {u ∈ W | uθ = u−1}.
and
W (θ) = {w(w−1)θ | w ∈ W}.
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Lemma 6.2. Invθ(W ) = δθ(W ).More precisely, given any u ∈ Invθ(W )
there exists a word w ∈ W such that w(w−1)θ is a reduced expression
for u. [cf. Lemma 4.28 of [4]]
This lemma is proved exactly as in [4] using Lemmas 4.24, 4.26, 4.27.
Note that the proof Lemma 4.24 relies on the fact that a connected
spherical diagram does not admit an involution without fixed vertices or
edges. As a consequence these results hold for any 3-spherical diagram.
Corollary 6.3. Let d ∈ ∆ε. Then, there exists (c, cθ) ∈ ∆θ such that
d ∈ Σ+(c, cθ). If the non-orientable Curtis-Tits amalgam L is defined
over Fq, there are at least q
δ+(c,d) such chambers.
Proof Let u = δ∗(d, d
θ). We induct on l(u). If u = 1, we are done.
Assume l(u) > 0. From Lemma 6.2 we know that u = w(w−1)θ is
irreducible for some irreducible w ∈ W . Pick any si ∈ S such that
l(siw) = l(w) − 1 and let e be a chamber i-adjacent to d. Then,
δ∗(e, e
θ) = siw(w
−1)θsθ(i) is shorter by 2, so by induction there exists c
such that e ∈ Σ(c, cθ)+. Moreover, calling π the i-panel on d we have
proj∗pi(e
θ) = d ∈ Σ(c, cθ)+. This in turn implies that if every panel has
at least q + 1 chambers, then there are at least q choices for the pair
(e, eθ). 
Definition 6.4. For each u ∈ W δ, define
∆θu = {d ∈ ∆+ : δ∗(d, dθ) = u}.
Corollary 6.5. The group G acts transitively on the set ∆θu for each
u ∈ W δ. Suppose that the orientable Curtis-Tits amalgam L is defined
over Fq, let d ∈ ∆θu and suppose that u = w(w−1)θ for some reduced
w ∈ W . Then, | StabG(d)| ≥ ql(w).
Proof It was proved in [3] that G is transitive on the set ∆θ1. The
proof also applies in this case since all vertex groups are SL2(q
e) acting
on the panel as points of the projective line over Fqe for some e ≥ 1.
Given d ∈ ∆θu, let c ∈ ∆θ1 be such that d ∈ Σ+(c, cθ). Then, d is the
unique chamber in Σ+(c, c
θ) with δ+(c, d) = w. The transitivity of G
on ∆θu now follows.
In addition, by Corollary 6.3, given d, there are ql(w) such chambers
c, hence at least ql(w) elements in G fixing d. 
6.3. The group G is a lattice in L+
The action of the group L on the positive building ∆+ turns it into
a locally compact group with Haar measure µ, and endowed with a
metric f+ as in [11, 12]. Let L+ be the completion of L with respect
to this metric.
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Proposition 6.6. The group G is a lattice in the group L+ for all
q ≥ n.
Proof We follow the proof idea in [4] and [14]. The group L+ is
locally compact. It follows from the fact that U+ ∩ G = {1} that G
acts discretely on ∆+ and any two elements of G have distance at least
2 from each other in the metric f+ defined there (see also [11, §6]).
We shall now show that G has finite covolume in L+, that is G\L+
has finite volume. To see this we use [7, Proposition 1.4.2] and instead
show that the sum ∑
d∈∆+
1
| StabG(d)|(6.1)
converges. By Corollary 6.5 we see that if d ∈ ∆+ then, | StabG(d)| ≥
ql(w). It follows that (6.1) is dominated by the Poincare´ series of the
Coxeter group W evaluated at t = q−1:
p(W,S)(q
−1) =
∑
l∈N
al(q
−1)l =
∑
w∈W
1
ql(w)
,(6.2)
where al is the number of elements in W of length l with respect to the
generating set S.
Now since S is a finite symmetric generating set for W , we have
ρ−1(W,S) = ω(W,S) = lim sup
l→∞
l
√
al,
where ω(W,S) = lim supl→∞ l
√
al is the growth rate of (W,S) and ρ(W,S)
is the radius of convergence of p(W,S)(t) as a power series over C. Thus
if q ≥ ω(W,S), then (6.2) converges.
We now wish to maximise ω(W,S) over all 3-spherical (W,S) with
fixed n = |S|. Recall the partial order  from [20] on the set of Coxeter
systems. If (W,S) and (W ′, S ′) are two Coxeter systems with S and
S ′ finite and Coxeter matrices M and M ′, then, we write (W,S) 
(W ′, S ′) whenever there is an injective map ϕ : S →֒ S ′ such that for
all r, s ∈ S we have mr,s ≤ m′ϕ(r),ϕ(s). By [20, Theorem A] we then have
ω(W,S) ≤ ω(W ′, S ′).
Now suppose that (W ′, S ′) is a diagram dominating all 3-spherical
Coxeter systems with given n = |S ′| in the  order. Then (6.2) con-
verges for all q ≥ ω(W ′,S′).
For example, we can let (W ′, S ′) be the Coxeter group whose diagram
is the complete graph on S ′ in which any two vertices are connected
by a double edge. To compute this series note that the set of spherical
subsets of I(Λ) is F = {J ⊆ I(Λ): |W ′J | <∞} = {J ⊆ I(Λ): |J | ≤ 2}.
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Then, by [19], we have
1
p(W ′,S′)(t−1)
=
∑
J∈F
(−1)|J |
p(W ′
J
,S′
J
)(t)
= 1− n
p1(t)
+
(
n
2
)
1
p1(t)p3(t)
,(6.3)
where, setting pm(t) =
∑m
i=0 t
i, we have
p(W ′
J
,S′
J
)(t) =

1 if J = ∅
p1(t) if |J | = 1
p1(t)p3(t) if |J | = 2.
It follows that
p(W ′,S′)(t) =
t4
t4
· 2p1(t
−1)p3(t
−1)
2p1(t−1)p3(t−1)− 2np3(t−1) + n(n− 1)
=
2p1(t)p3(t)
2p1(t)p3(t)− 2ntp3(t) + t4n(n− 1)
The denominator equals
2(1− (n− 1)t)(1 + t+ t2 + t3) + t4n(n− 1)
When |z| ≤ 1
n
one verifies that the last term has norm at most 1
n2
,
whereas the other terms together have norm at least 1
n
, noting that
n ≥ 3. Therefore the Poincare´ series converges at q−1 for q ≥ n.
Numerical evidence suggests that one cannot do much better as, e.g. for
n = 1000, the norm of the smallest complex root is about 0.001001....

7. Simplicity of Curtis-Tits groups
Combining Theorem 3.1, the Simplicity Theorem of [12] and the ob-
servation that Curtis-Tits groups are perfect since they are generated
by perfect subgroups, we have the following.
Corollary 7.1. Suppose L is an orientable Curtis-Tits amalgam over
Fq with connected diagram Γ, which is 3-spherical, but not spherical or
affine. Then, its universal completion L˜ is almost simple.
By Theorem 4.4 (as well as [2, 3]), any non-orientable Curtis-Tits
amalgam G has a completion inside the centralizer in a group of Kac-
Moody type L of a Cartan involution θ. In contrast to what happens
in the orientable case, we now have the following.
Theorem 7.2. If G is a non-orientable Curtis-Tits group over a fi-
nite field with irreducible non-spherical, non-affine diagram, then G is
acylindrically hyperbolic. In particular, it is not simple.
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Proof By Remark 3.7 of [10] it suffices to note the following. The
group L is a group of Kac-Moody type with non-spherical, non-affine
diagram over a finite field Fq. The positive building associated to L,
denoted ∆+ is a proper CAT(0) space and Aut(∆+) acts cocompactly
on it. Moreover, by [9, Theorem 1.1] Aut(∆+) contains rank 1 elements
since it is of irreducible, non-spherical and non-affine type. By [10,
Corollary 3.6] any lattice of Aut(∆+) is acylindrically hyperbolic and
is therefore not simple. Thus, the claim follows from Proposition 6.6.

7.1. Examples
From the classification of Curtis-Tits amalgams it is clear that when-
ever the diagram is a tree, the amalgam is unique. In particular, the
only Curtis-Tits groups with spherical diagram are the groups of Lie
type. The same holds for Curtis-Tits groups with affine diagram, other
than A˜n−1. In [4] all orientable and non-orientable Curtis-Tits groups
with diagram A˜n−1 were described in terms of matrix groups and it
was shown that all of them have interesting quotients (see also [6]).
Here we will give some examples of quotients arising from non-
orientable Curtis-Tits groups with non-spherical and non-affine dia-
gram. We are particularly interested in finite quotients. In a subse-
quent study of such quotients we will use the finite presentations for
Curtis-Tits groups arising from the Curtis-Tits amalgam and combine
this with relations in the vein of [1]. As a simple example consider
the non-orientable Curtis-Tits amalgam over F2 with the following di-
agram:
τ
1
2
3 4 5 6
Here the τ indicates that ω sends the loop Λ1 = {3, 4, 5, 6, 3} to τ .
Let X = {X+i ,X−i : i = 1, 2, . . . , 6} and, for each i, let x+i , x−i , and ni
be defined by X+i = 〈x+i 〉, X−i = 〈x−i 〉, and ni = x+i x−i x+i . Then, the
universal completion has a presentation in terms of these generators.
After adding the relation
(n3n4n5n6n5n4)
2 = 1,
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GAP [13] was able to identify the quotient as the exceptional group
E6(2). Since the orientable amalgam with the same diagram is simple
by Corollary 7.1, this example confirms the existence of non-spherical,
non-affine non-orientable Curtis-Tits groups. Note that since |F2| <
|S| = 6, this example is not covered by Proposition 6.6.
We shall also study non-orientable Curtis-Tits amalgams with dia-
grams such as the following:
τ
1 2 k − 1 k k + 1 k + l − 1 k + l
Here the τ indicates that ω sends the loop Λ1 = {1, 2, . . . , k, 1} to τ .
Let ni (i = 1, 2, . . . , k+l) be defined as above and consider the quotient
of the universal completion of this amalgam over Fq (q even) over the
normal closure of the element(
n1n2 · · ·nk−1nkn−1k−1 · · ·n−12
)2
.
Note here that the case q = 4, k = 3 and l = 1, is covered by Proposi-
tion 6.6, so that the existence of infinitely many infinite-index normal
subgroups is guaranteed via Theorem 7.2. However, using GAP [13]
we were able to identify the following finite quotients. For k = 3 and
(q, l) = (2, 1), (2, 2), (2, 3), (4, 1), (4, 2), the quotient is PSLk+l+1(q). For
k = 4, l = 1, and q = 2, 4, the quotient is PΩ+(2(k + l), q).
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